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FOREWORD.

In 1988 the European Space Agency started with a series of studies with
the goal to prepare the geodetic user community for a dedicated gravity field
mission and stimulate cooperation among various groups. Thereby it was left
open whether the planned mission should be based on the principle of
satellite-to-satellite tracking, on satellite gradiometry or on a combination
of these two methods. In the course of these studies it turned out that the
group of the dipartimento di ingegneria idraulica, ambientale e del rileva-
mento of the politecnico di Milano and that of the faculty of geodetic
engineering of the Delft University of Technology worked much along the same
line. At various occasions very exciting and stimulating exchange of ideas
took place between these two groups. In 1991 it was therefore decided to
publish the main line of their development in gradiometry analysis, the
so-called timewise and spacewise approach, in a joint report.

Compared with the benefit it would have been rather cumbersome to try to
homogenize the adopted style of presentation and notation of the two groups.
Thus little effort was spent on this aspect. We hope that this does not hamper
reading.

The authors like to thank the European Space Agency for its support of
the CIGAR-studies and the Netherlands Geodetic Commission for publishing this

report.

Delft, april 1993,

Reiner Rummel.






1. INTRODUCTION.

All our current knowledge of the global gravitational field of the earth
is derived from an analysis of the motion of artificial satellites. While in
the pioneering days only the oblateness coefficient J, and thereafter J; could
be determined, subsequently complete sets of spherical harmonic coefficients
up to degree ¢ and order m 36 could be computed. Very advanced laser and radio
tracking techniques, more and more satellites with a large variety in orbit
characteristics, an increasing number of ground stations and 1last but not
least more sophisticated computers and computational models made this
development possible.

However there exist natural limits for further improvement. Whereas, for
example, the still existing indeterminancy of individual spherical harmonic
coefficients far away from the resonance bands of the satellites can probably
be overcome in the near future through almost continuous space-borne tracking
of low flying spacecrafts, the attenuation of the gravitational field with
increasing altitude represents a natural barrier. The only way out of this
dilemma is satellite gradiometry, the measurement of second derivatives of the
gravitational potential V. When expressed in a spherical harmonic series,
double differentiation roughly results in an amplification of the coefficients

representing the gravity field by a factor £2 (with £ the degree of the
R )2
R+h’ ’
can be compensated (R is the earth’s mean radius, h the altitude of the

expansion). This way the attenuation effect, which is approximately (

satellite). This is illustrated in Figure 1. Figure 1 shows the signal degree-
order variances of the unknown part of the gravitational potential, the
disturbance potential T, at the earth’s surface (altitude O km) and at 200 km.
For the highest degree (240) the attenuation effect is three orders of magni-
tude. The second radial derivative of T, T,,, has a much flatter spectrum at
the earth’s surface than T. The information about the spatial details of the
field is much more pronounced. Thus, T,, at 200 km altitude still contains

considerable information at high spherical harmonic degrees.
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Figure 1: Altitude attenuation effect of the disturbance potential T can to a
large extent be compensated by dealing with the second radial
derivative T,, (degree-order variances based on OSU 86F, all quanti-

ties dimensionless: T/(GM/R); T,,/(2GM/R3)).

A satellite gradiometer measures at maximum all nine components of the
a2v
ax1ox]
linear combinations of these components. Gradiometers are either based on the

gravitational tensor T;; = (with V gravitational potential) or certain

principle of differential accelerometry or on that of torsion measurement. The
components may be given in a space fixed coordinate triad, in case of a space-
. stable orientation of the instrument in the spacecraft, or in some local, e.g.
rotating, triad. In the latter case the measured elements contain components
of inertial motion as well. All these points and many related aspects are left
aside here. For a discussion of the instrumentation refer to (Wells, 1983),
(Paik & Richard, 1986), (Reinhardt et al., 1982); for a treatment of the
gradiometer principles refer to (Rummel, 1986). Here we assume an ideal
situation, where the gradiometer components are given in known orientation,
along perfectly aligned axes and where the only signal source 1is the

gravitational field of the earth. No disturbing acceleration exists. The
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gradient components are provided in either the local orthonormal, spherical
triad e;, i = 1,2,3 (with e; = e, directing north, e, = g, directing east, and
e; = e, radially outwards) or the orbit triad e, 0 = 1,2,3 (with g = g,
along track, e, = e; crosstrack, perpendicular to the orbit plane, and e3 = g,
radially outwards). Each component is measured independently of all others
with a certain measurement error.

The purpose of this report is a discussion of alternative ways of deter-
mining an approximation of the earth’s gravitational field from satellite
gradiometry with the field expressed in a series of spherical harmonics. Error
propagation and linear parameter estimation shall be analyzed. The subject is
not new. From the days satellite gradiometry 1is wunder consideration,
representation and analysis of its results in terms of spherical harmonics has
been considered, see e.g. (Kdhnlein, 1967), (Glaser & Sherry, 1971) or Reed’s
dissertation of 1973. Now, however with actual mission plans for the
gradiometric satellite ARISTOTELES growing more and more concrete, a revision
seems appropriate and timely.

It is remarkable to observe that dynamic satellite geodesy and physical
geodesy, although strongly benefitting from each other, developed as two
rather independent branches of geodesy. No serious attempt for a wunified
theory of gravity field determination has been undertaken. The former
addresses gravitational field estimation from the solution of the equations of
motion, the latter solves gravitational field and shape of the earth in the
form of a boundary value problem related to the earth’s surface. Gradiometer
measurements are ideally suited for a study of the similarities and
differences of these two approaches. Consider first the satellite as a carrier
of an instrument that delivers the gravitational tensor components T;; at
regular intervals. At each time the position of the instrument is expressed by
the coordinate triple {¢,A,r}, representing the position of the satellite’s
center of mass, which is usually known only approximately. With each
revolution of the spacecraft a new circle of densely spaced measurements is
delivered. Depending on the choice of the orbit, in particular of the
inclination I and precession rate of its node, Q, an almost arbitrarily dense,
global coverage of the sphere can be achieved. With T,;(¢,A,r) - or by

approximation Fij(¢,h), if the height variation of the satellite can be
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neglected or all observations are reduced to one sphere, ¢(0,r) - each tensor
component represents a gravity related functional, given on a known (or
unknown) boundary surface. The determination of the global gravity field in
terms of spherical harmonics from such a functional 1is carried out by
quadrature techniques or the solution of a geodetic boundary value problem
(g.b.v.p.). As the measurements are considered a function of position only,
this view 1is denoted the spacewise approach. It fully coincides with the
techniques well established in the field of physical geodesy. This view shall
be treated in chapter two.

Equally well the measured sequence of tensor components may be viewed as a
discrete time series, Fij(t), ideally spanning the entire mission length
without interruption . In this case the determination of spherical harmonics
becomes possible only after connecting the spherical harmonic representation
given in an earth fixed coordinate system with the time series provided along
the inclined, slowly precessing orbital plane. Various ways are conceivable
for this connection and for the parametrization of the time series, but the
intimate relation to satellite perturbation theory is evident. We denote this
the timewise approach to be treated in chapter 3. It is particular suited for
studies of the influence of the choice of the orbit parameters on gravity
field recovery and, as measurement sampling is actually a time process, for
analysis of realistical instrument error models.

The close connection of the timewise approach with orbit perturbation
analysis, as usually applied in dynamic satellite geodesy, becomes even more
pronounced if we look at a measured tensor component from a slightly different
angle. In differential accelerometry, as it has to be applied within the
ARISTOTELES mission, an arbitrary tensor component is measured by prohibiting
‘two neighboring test masses from their free motion (fall) in orbit and by
constraining them to a fixed levitated position inside the instrument by means
of a feedback mechanism. The feedback signal suitably differentiated is
translated into the gradient measure. It permits the reconstruction - or is
equivalent to the measurement - of the relative acceleration between two
adjacent test masses in free fall at known distance, as discussed in (Misner,
Thorne & Wheeler, 1971). Hence the signal could be modelled by means of

perturbation theory of two neighbouring space trajectories. As the two
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trajectories are highly similar, their absolute shape and location 1is of
lesser importance. The gradiometric information is concealed in their relative

differences (Rummel, 1978, Schneider, 1984).






2. SPACEWISE APPROACH.

In the present chapter the determination of the spherical harmonic coeffi-
cients of the gravitational potential, starting from observations assigned to
well defined points on a surface or averaged over suitably chosen regions
(usally rectangular blocks), is illustrated. A preliminary discussion
concerning the choice of the orbit, in order to obtain a complete coverage of
the earth, by data distributed in a very thin shell, is presented in section
1. The error introduced by shifting the data to a single surface is explicitly
estimated, and is proved to be of the same order as the instrumental error for
gravity gradient measurements. The observational model 1is introduced in
section 2. The spatial distribution expected for measurements during the whole
mission, and their block-averaging procedure are described; the use of Wiener
measures for the treatment of noisy data defined in a continuum is 1illu-
strated. Section 3 deals with the least-squares approach for the estimation of
a finite number of coefficients from discrete data. The particular structure
of the normal matrix is analysed, in order to 1illustrate the numerical
problems arising in the solution of the normal system. The presence of
aliasing and its main features are discussed. The determination of potential
coefficients by quadrature formulas is the topic of section 4; in particular,
the discretization error is evaluated by suitable simulations. The general
structure of boundary operators is analysed in section 5; the procedures to
estimate functionals of the solution, and in particular spherical harmonic
coefficients, from a boundary condition expressed as an operator acting on the
unknown function, are illustrated. Such procedures are applied in section 6 to
particular cases of different gravity gradient components; finally, the
simultaneous use of different kinds of data (for example, different components
of the gravity gradient) in an overdetermined probIem approach is discussed in

section 7.

2.1. Is it possible to use satellite observations in a boundary value problem

approach?

Our objective is to determine the gravity field of the earth from satel-
lite observations, to a considerable degree of resolution. To this aim, we

design a reference orbit:



o as low as possible in order to decrease the exponential damping of the
harmonic coefficients of the potential, the 1limit being imposed by the drag
effects on the satellite of the upper layers of the atmosphere,

o with a polar inclination, so that all the fluctuations of the potential are
explored, without neglecting polar caps,

o with a mean motion having a suitable rate to the earth’s angular velocity,
so that satellite subtracks, as seen from the ground, tend to distribute in
longitude without repetitions, and

o with an eccentricity as small as possible, so that the satellite is sampling
a potential which has always the same spectrum, as a function of ¢ and A.

Among many possible solutions, 1n order to perform a spectral analysis of the

observations along the orbit (timewise Fourier approach) a possible orbit has

been identified, which is of great interest because it is frozen in inertial
space; it is known as Cook’s orbit and is described in detail in (Colombo,

1984). Another possible elementary choice is to have, as closely as possible,

a purely circular orbit; so, by using a suitable measuring rate and a suitable

rate of the satellite’s to the earth’s period, one realizes that the

measurement points, as seen from the earth, tend to distribute in an irregular
fashion, however approaching more and more the condition of a continuous

distribution, i.e.

lim Sup Inf d(p;,p;) = 0 , (2.1)
Now 4 j

(i,j =1,...N)

over the sphere of radius r equal to the orbit’s radius.

We shall come back, later on, to the 1limit distribution obtained in this
way and to the effects it has on the estimation of the potential coeffi-
cients.

We just want to stress here that this rather simplistic choice has at
least one good point from the practical point of view: the presence of a
relevant drag effect tends by itself to circularize the orbit, 1i.e. to
decrease the eccentricity e, so that it would be a waste of fuel to try to
keep e constant.

This can be seen for instance from the Lagrange dynamical equations in



terms of Kepler’s elements. Let’s remodel the drag perturbation by a simple

force-function like (cf. Kaula, 1966, § 3)

F=E -paw (2.2)
2a
a = semi major axis
L =GM = 3.986 1014 m3 sec™2
D = drag force, assumed to be constant
M = mean anomaly,

describing essentially a satellite moving under the central field p/r within

l@:—D
a oM ’
opposite to the direction of motion. With this force function Lagrange

a constant density atmosphere causing a constant tangential effect

equations read

(2.3)

(n = pl/2 a-3/2 = mean motion).

These equations already describe the main effects of drag, which does not
affect w, i, Q and gives rise to a decay of a, related to the law of energy, a
decrease of e and an increase in the angular velocity M due to the necessity

of balancing the stronger attraction implied by the decrease of a.
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So the satellite will spiral down, towards the earth’s surface, preserving
an osculating motion of almost circular type; after a certain time, for
instance a few hours, the original state is restored by firing the rockets and
suitably manoeuvering the satellite.

We shall assume (see e.g. (Rummel & Colombo, 1985)) that these control
operations are suitable to keep the satellite in a layer of radial distance
varying *5 km around a mean value. Already at that point, the image of the
mission we are designing suggests the idea of applying some boundary value
problem technique to determine the unknown anomalous potential; in general
this can be pursued, on condition that the data we have are expressed in terms
of point-wise functionals of the anomalous potential T. This can be very
difficult if our data are derived from some type of tracking, because the
orbit anomaly vector (i.e. the difference between the actual position of the
satellite and that calculated from a model gravity by orbit integration) is a
non-local functional of T; on the other hand gradiometric measurements are
local by their very nature and so they lend themselves to be easily handled in
a b.v.p. mode. To this aim it is much simpler to treat data that are ascribed
to points on a very simple surface, like a sphere; if we want to have that
property fulfilled we need therefore to move the observation points to a mean
sphere. There might be some objection to this approach, because it is very
much in the spirit of modern geodesy to avoid "reductions"; after all it has
been this concept to push for Molodenskii’s theory and, later on, for the
foundation of collocation theory. On the other hand we should take into
account that in our case the observation point will move in vacuuml, avoiding
errors due to the unknown mass density, and that we make computations within

the harmonicity domain where our functions are in any way smoothedz.

1It is easy to verify that the variations of density due to the residual

atmosphere in a layer of a few kilometers, are immaterial for the computation
of the 2nd order gradient.

2The transformation of the spectrum of a second derivative, going from the
earth’s surface to the level of the satellite, is governed by the approximate
_ h)2+3
R
radius) which assumes the values 0,2 or 0,04 or 0,002 for £ = 50 or 100 or

transfer function (1 (h = satellite’s height, R = earth’s mean



To move the gravity gradient components radially we need their radial

2
derivatives: since every component of I' = {55_%§_} in the degree ¢ of the
%25
spherical harmonic representation is also a homogeneous function of degree
-(£+3), we can write (note that I', as well as Fem, are 3 x 3 matrices),
] _ _ (£+3)
E FEm B r rem (2'4)

Just to fix the ideas, we shall think of rim as one of the V.. harmonic compo-

nents. Then it is

(k) (£+1)(£+2) (R)&+3
(Fem)” (ﬁ] ——Rz— [F] uem Yem((p,h) . (25)

Formula (2.4) is useful in the linearized equation

F(rg,e,A) = ZE Fe(ro,w,h) = 22 Zm Fem(ro,w,h) =

ér
= Foem(r,w,h) e z (£+3)I“o

Z,m & m

R

em(r,w,h) (2.6)

where the correction is expressed in terms of the "observed" harmonic compo-
nents FO&Jr,w,A) and of the radial shift 8r = ro-r. The summation in (2.6) is
over m ({m| £ &), and £ (£ = 0,1,2,...); we just ask ourselves what is the
error we would commit, if we computed the second term in the right hand side
of (2.6) by considering only the terms TIg,0,0 and Ty, as given (i.e. the
point mass and the J,-dipole terms). Referring to the (rr)-derivative and

setting3

200 at the height of 200 km.

3Please note that with the same notation u, in slightly different contexts, we
shall mean the normal potential, while &u will be replaced by the more
customary T to mean the anomalous potential.



Su =u - [%][1 + J2 u2,0 [g]z I—)z(sin ¢)]

(2.7)
BTy )er = (B0 )y,
we get
<8r2>
O‘Z(r) = —rz— Ze(2+3)20‘2(61"em) =
<dr2> 2 2 2(u 2(R 2l+e
= —= Z£(£+3) (8+2)7 (&+1) [ﬁg] [F] (Zmauim). (2.8)

In (2.8) we have implicitly assumed that the "orbit discrepancy" &r is

distributed independently from the geographical position (w,A)4, so that

L
E{sr2( £ 6u2 Yé )2} =
_em m m
¢
= <8r2> T 8u2 = <8r2>¢2(s8u) . (2.9)
m %lm 2

By assuming the simple Kaula rule, i.e.

10-10

and noting that u/R3 = 1.5 - 1076 sec ~2 after neglecting some minor terms, we

find

o2(Ir) = f?%fi (2.2) - 10712 . (1.6) - 10710 Z£(£+1)(£+2)(2+3)q2+3
(q = [?]2 = 0,94) . (2.11)

In order to use (2.11), to obtain a rough estimate of the error we must decide

on <8r2> and we have to estimate the sum

4

More precisely we shall agree that 8r is uniformly distributed in ro # S km
and that we would find the same distribution of ér even if we rotated the
underlying anomalous gravity field.



+00

z

£(q) (0+1) (£+2) (243)qt*3 =

2L
383 "2 g3 3 4
=q 73 {= - -q')
T 33 1% @ a -9
=@ (2 () -6 - 20 (2.12)
- @ gt T % T e - '

As for the first problem, we stipulate that the distribution of 8r in r * 5 km

is uniform. This is in reasonable agreement with the law (2.3). In this case

5
<dr2> = 1 J x2 dx = 8.3 km?
10 I¢
and
<dra> -7
—z = 1.9 10 . (2.13)

As for (2.9) a rough computation shows that

f(q) = 3.9 - 105 . (2.14)
Summarizing from (2.11), (2.12), (2.13), (2.14) we obtain

o(I') ~5.1 «- 10712 gec2 = 5.1 - 103 E , (2.15)

The estimate (2.15) says that with a realistic gradiometer the measuring error
will in any way dominate the error committed by moving the measure point to a
fixed sphere, while using in g; only the (0,0) and (2.0) terms.

Even in case we avail ourselves of a very accurate instrument, say with an
r.m.s. error of 1073 E, we can easily understand that, by accepting a certain
bias (say 10% of the coefficients) in a first iteration, one can exploit a
much better model to compute the reduction gg dr, so that a second iteration
is certainly not needed. At this point ws can already say that, after some
manipulations, our data are given at points on a sphere of radius R + h (where

e.g. h = 200 km) and we can proceed almost straightforwardly to form a field
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of mean block values, as customary in geodesy, after defining for instance a
suitable grid of equi-angular blocks; e.g. in the sequel we shall use systema-
tically a 19 x 1° geographical grid.

The last point to be discussed, before we can reason only in an earth-
fixed coordinate system (e.g. in radial coordinates r, ¢, A), is how to relate
the gradiometric tensor, which by 1its very nature 1is measured in a
satellite-fixed frame, to the same tensor in a local frame referred to the
(ex, &y, €z) unit vectors. The transformation from the instrument frame to an
orbit frame where z points in the radial direction, u is tangent (along track)
and v out of plane (cross-track), is a matter of identifying the attitude
either by some extra device (star-tracker)} or by exploiting the observations
themselves; as pointed out we shall not deal with this problem here. Yet it
remains to rotate from the orbit-related (u,v,z) system to the local system
(x,y,z) where x points to north, y to east and z to the zenith of the
satellite. The interesting point here is that there is an asymmetric behavior

between the ascending and descending arcs, as illustrated in Figure 2.1.

Ua

<V

ud
Figure 2.1: The geometry of ascending and descending orbit-related systems.

The azimuth A is given by the ratio of the earth’s velocity @ to the

satellite’s velocity, i.e. disregarding the sign,

tg A = "c% , (2.15)

with a satellite of 1.5 hours period and considering a local equatorial frame,

where it is maximal, we find A = 3.59,



Now the rotation can be accomplished rather easily if we take into account

first of

component

With these two operators we can find the two components of the tensor,
depend on the orientation but are worth measuring,
channels orthogonal to the u-axis,

lar drag effects.

all that the z axis remains

82T
352 does not need to be changed,
= -sin A o cos A —
ox ay
= sin A 9_ . cos A —
B ax ay

Namely we can write

ﬂ = —-gin A _6_.2__T_ - cos A _8_2_.1‘__

av,0z dxdz dydz

2T gin A &L | o a T

avqdz dx0z dydz '
which, combined, give

2 o2T il ) = -cos A 2T

2 dv,0z dvy0z dydz

The orthogonal combination, with the minus

tion compared with (2.18),

(< 6 10-

82T
av2
a

82T
ave
d

and again

82T
(av2

a

N =

because, while

2y, for the second derivatives

As

2
+ cos2 A é—; + 2 sin A
dy

82T

112
sine A —=
%2

32T

in2
sinc A —
ax2

2
+ cos2 A g§; - 2 sin A

combining the two in a sunm,

82T, _ . 5 , 82T , , 82T
+ 5@) = sin< A &‘2‘ + COS A W—
2.9

invariant so that for

instance the

and that

(2.16)

that do

because they involve only

which is the most disturbed by the irregu-

(2.17)

(2.18)

sign, conveys only little informa-

cos A ~ 1, sin A is rather small

one can write

cos A 827
9x 0y
(2.19)
32T
COSAW s
(2.20)



Taking advantage of the harmonicity of T, we easily reduce (2.20) to the form

1 82T | 82T 5, 82T _ 2 x _ iz ay 02T
5 (EVE + 5;3) + sin2 A 322 = (cos2 A sin2 A) 3z (2.21)

In this relation the first member can be considered as an observable and we
2
get in this way a functional relation to g—g: naturally this creates a corre-

dy
2
lation with the observable gzg, but since sin2 A = 3.7 - 1073, this corre-

lation is small and we shall neglect it in the further treatment of the data.
Concluding and summarizing we can say that after the radial correction,

after the block averaging and after creating the combinations (2.18) and

(2.21), we can assume that observation equations are given at the centers of

the blocks, which expressed in terms of spherical coordinates, read

_ 82T
l-‘zz - a‘r"z‘
= 1 3°T 1 aT
P2y = rcos ¢ 8rdrx T2 cos ¢ OA (2.22)
r.. = 1 32T _tg ¢ T , 1t
YY © r2 cos2p 9AZ rZ 3d¢ r or

It is the task of the boundary value problem approach to analyze these as
boundary relations for T, to indicate the more or less optimal methods to
derive from these a suitable solution and demonstrate how the theoretical
recipes can be implemented by practical numerical methods.

As a very last remark we want to stress that the information coming from
satellite observations and elaborated in the form of a b.v.p. will supply us
in the end with a solution which represents the anomalous potential T at the
satellite’s altitude; it is then an open question how this model can be
backward continued, down to the earth’s surface. We will not tackle this
difficult problem here, but we will confine ourselves to mention that the
easiest way of doing it is Jjust to represent T in a spherical harmonic
expansion and then truncate it to a maximum degree N: the truncated model then
automatically gives a representation of T at the ground level. Naturally, the
choice of N is a crucial point, because we would not like to amplify and

propagate too much noise in our model; the criterion for the choice of N will
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be discussed in the next paragraph. It is also worth mentioning that by the
way our series will not really converge on the earth surface, but fortunately
the degree at which adding new terms to the sum gives a worse rather than a
better approximation, is so high that we will not be able to come close to
such a resolution (Moritz, 1980)}. Henceforth we close the paragraph by saying
that our aim is to solve a b.v.p. with boundary conditions (2.22), in the
sense that we want to estimate the coefficients au&n of the expansion of T in
a spherical harmonic series on the earth’s sphere (r = R), up to some maximal

degree N to be specified later.

2.2. The observational model for spectral estimation from block averages.

In this paragraph we consider the problem of deriving estimates of the

harmonic coefficients u, of a function u defined on the unit sphere so that

+o £
u(P) = ie _%m u&]Y&JP) . (2.23)

As input data we shall consider the values of u on a set of points {P;;
i=1,...,4,) distributed in some way on the sphere; since this is for us
the most important case, we shall mainly consider P; as the centers of a
regular geographical grid, dividing meridians in N equal intervals and
parallels in 2N equal intervals, so that &,,, = 2N2 (for instance if N = 180,
lax = 64800, corresponding to a grid of 19 x 10 blocks). Furthermore we shall
assume that the available values of u{(P;} come from observations including

measurement errors, i.e. modelled by the equation

Up(Py) = u(P;) + vy ; (2.24)
if we assume a stochastic model for v;, for instance

E{v;} =0 (2.25)

E{Viv_j} = 0]2)61J s (2.26)
1
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we can formulate our problem as to derive estimates for u, from (2.23),
(2.24) (2.25), (2.26) when uy(P;) are given.

Stated in this way, it is a pure problem of spectral estimation on the
sphere and we use it as a preparation to treat the more complicated b.v.p.’s,
which however fall in a class of problems very close to this whenever the
boundary operator has diagonal representation in terms of spherical harmonics.

This problem has naturally received much attention from geodesists and we
Jjust mention some authors for reference, without any pretension of complete-
ness: (Colombo, 1981), (Marsh et al., 1988), (Moritz, 1976), (Pavlis, 1988),
(Rapp and Cruz, 1986), (Rummel, Teunissen, and Van Gelderen, 1989), (Sanso,
1990).

There are essentially two ways in which this problem can be approached:
one is to reduce the solution space by truncating the series (at most) at the
degree N, so that the number of unknowns, (N+1)2, becomes smaller than the
number of observations 2N2 (this happens at least if N Z 3) and then a simple
least squares approach can be applied, with or without prior information; the
other one 1is to consider first the data as a continuum, apply the very

definition of u, by a quadrature formula, 1i.e.

I

A

1
G4 = 7= & u(P)Y, (P)de , (2.27)

I
and then try to approximate this in terms of the discrete available data. Also
in this second case, as for the first one, there is a natural limit over which
any discretization of (2.27) would loose its meaning namely ¢ = N.

In fact it is just enough to consider u(P;) along parallels and observe
that for each parallel one has 2N observations, so that the corresponding
maximum frequency, above which the spectrum starts folding and the
correspondence between values and coefficients is lost (i.e. the so-called
Nyquist frequency), is exactly N. Before we come, in the next paragraph, to
describe the error propagation we can expect by following one or the other
approach, we must give some thought to the covariance structure (2.26) and see
whether and how it 1is verified under the theoretical hypothesis of an
instrument orbiting on a polar circular orbit and measuring at a constant rate

of 1/s Hz, e.g. 1 measurement every s = 4 seconds. As a first computation, let
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us start by disregarding the effect of the rotation of the earth on any single
orbit; since the angular velocity of the satellite is constant and equal to n
(mean motion), the satellite spends a time T = %2 to cross a belt of amplitude
Ap in latitude, taking t/s = A¢/ns observations; moreover if the nodes tend to
distribute uniformly along the equator, as for a mission of duration T there
are N. = g% cycles, i.e. 2N, = %I crossings of the equator, we expect that
dN, = %ﬁ N. of them will fall in a sector of width AA. Therefore if we have a

block of 8° x 8% we find in it about

n = ApAX T _ 82
07 272 s = 64800

0l

(2.28)

observations. For a mission of a duration of 6 months and a 19 x 10 block, we
expect 60 observations per block distributed as almost 4 observations along 16

different tracks.

Figure 2.2: Distribution of observation points.

As we can see this distribution does not depend on A, so that, if we allow
the earth to rotate under it in the average we must expect the same number of
observations per block. If we assume that each observation has an independent
error v with the same variance 03, we can also say that by averaging the
observed ug values over the points P;j; falling into the block

Bi; = {id = ¢ = (i+1)8; jd = A = (j+1)8}, i.e., by forming



_ 1 Do
UO(Plj) = n—o ?k uO(Pijk) » (229)

we should find a quantity affected by independent random noise

5y, = Lox (2.30)
Vi = — Vi 2.30
ij ng ik Uik
v
with variance og = oo Indeed ;ij is not the only error we commit by
0

expressing the average of u over the block B;; through (2.29), because there

is as well the bias, given by the formula

1 20
b(Plj) = U(Pij) - o Zk u(Pijk) . (2.31)
01

This error depends on the specific shape of u and on the exact location of
Pijx- A big effort has been devoted to the reduction of b; the simplest
solution is probably to note that the second term in the right hand side of
(2.31) represents some kind of average of u over the block B;;, so that we can

expect more closely

— 1 1 Do
b(Pij) = = I U.(P)dO'p - — Zk u(Pijk) =0 . (232)
By j By | No 1

Formula (2.32) would not be such a good step forward, if we took it
rigorously, because the action of averaging u over a square block is compli-

cated when expressed in spectral terms; however most authors accept the appro-

ximation of considering (2.32) as an average over a circular cap C of radius

Yo such that the area of C equals the area of B at the equator, 1i.e.,
nz
21'[( 1-cos WO) = N—z

In this way the integral operator in (2.32) becomes a simple moving
average, of which it is easy to verify the representation

J u(Q)dog = u(P) = = (P) (2.33)
C

tn B Y Yoa

Ql -

where [32 are the famous Pellinen coefficients
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1 Vo .
——— woi P2 (cos Ylsin ¢ dy . (2.34)

Be('//o) = 1
From (2.33) we see that our problem has just been changed from the estimation

of u, from ug(P;;), to the estimation of u, = By u, from uy(Py;). As we

haveezlarified, the stochastic structure of fﬂe errors Fij is that of a zero
average white noise of uniform variance og = og/no. This is verified if we are
right in claiming that the residual bias implied by the various approximations
is negligible as compared to the noise; a deeper discussion on the
representation of block averaging in spectral terms, with more references, can
be found for instance in (Rapp, 1989). Before closing this paragraph we want
to discuss the stochastic model we would obtain by letting the side of our
square blocks tend to zero.

We first note that by using (2.28) and (2.30), where we set Ny = T/s =

total number of the observations, we can write for any pair of blocks, identi-

fied by the coordinates (wi,Aj), (wz,hk) of their centers,

2 2n2

B Ve = %0 %5 v N B B (2.35)
Now we observe that the area of a block is given by Ac;; = cos ¢; Ap AA, so
that after introducing the field of measures
dpyj = vy Aoy ’
for the moment defined only on our family of blocks, we get
2n203
E{duij dugk} = 612 5jk Ny cos ¢i Aoij . (2.36)

Consequently for any pair of sets A,B constituted by a number of blocks, we

discover that

2n203
E{u(A)u(B)} = N J cos ¢ do . (2.37)
0  AnB
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Now if A and B are any measurable sets over ¢, by considering them as limits
of multiblock sets, we see that (2.37) continues to hold; since it is also for

any A

E{u(A)} =0 , (2.38)

we see that our field of stochastic measures, extended in this way, is in fact

2n202
No

measures to b.v.p.’s is illustrated in (Sansd, 1988). The most important

a field of Wiener measuress, with density

cos ¢; the relevance of such

application of such a measure is the definition, as a limit in the mean square

sense, of the corresponding integral of any square integrable function f
I = J £(P)du(P) , (2.39)

which is indeed a random function belonging to the linear space spanned by
{du(P)}.

Notably for such integrals, the Wiener rules hold
E{I;} = E{ J £(P)du(P)} =0 (2.40)

E{I;I5) = E{ JJ f(P)g(Q)du(P)du(P)} =

2n2c2
v

No

J f(P)g(P)cos ¢ do . (2.41)

These formulas will be of fundamental importance for the computation of error

" models in the b.v.p. approach.

5The other characteristic of Wiener measures, i.e. the fact that they are

normal random variables, is plausible in this case with the measurement
noise.
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2.3. The least squares approach.

From the discussion developed in the preceding paragraph we receive the

following problem; by defining a function

u(P) = £ (P)

tm Y Y
(2.42)

Y = Bl

of which we have observed values at the centers of a regular grid,

GO(PIJ) = G(Pl)) + Vij (243)
with a noise characterized by the stochastic behaviour

E{;ij} =0
(2.44)

E{v v

= 2
1] ek} s S c ’

i "jk o

we want to estimate {GEm}' Stated in this way the problem is naturally
underdeterminated (2N2 observations for a set of infinite unknowns), however
since we know that we cannot find any solution with a resolution higher that
that implied by the maximum degree N, we just substitute (2.42) by the

truncated formula

N L
u(P) = %2 _%m u, Yﬂm(P) (2.45)

with (N+1)2 unknown parameters, so that the problem becomes overdetermined and
we can apply to it a least squares criterion. Let us see how does it work in

this case. By forming the normal system we get

= ' {i?j Ynk(Pij)Yﬂm(Pij)}uEm = i?j Ynk(Pij)uo(Pij) (2.46)
(¢=n)



that we shall divide by 2N2, just for convenience in further computations. So
(2.46) is a classical normal system with the vector of unknowns

X = {Glm; Im| = ¢, £ =N}, with normal matrix

1
N=iopm = Y (P Y, (P D) (2.47)

and with known normalized term

L, = {2%7 Z Ynk(Pij)ﬁo(Pij)} . (2.48)
Naturally since the components of our unknown vector have two indices, the
same is true for Ly, while the elements of N have four indices. But it is easy
to understand how to vectorize it. The computation of the solution of (2.46)
would become a hard test whenever N > 100, was it not for the regular pattern
of the grid points Py;.

In fact, as pointed out by Colombo (1981), if we apply formula (2.47) by
summing first along the parallels, i.e. over the index j{a; =33, J =
0,1,...2N-1}, we can take advantage of the usual orthogonality relations

holding for finite Fourier transforms, i.e.

2N-1 sin mA; 1 0
Zj {Sin kAJ CcOSs kAJ} = N5mk . (2.49)
0 COS mA; 0 1 + 3pp

Accordingly the elements of the normal matrix N become

_ (1+60m) s g P
1

Vkotn = 7 20 %ak 21 Paln] @0P0)m| )) : (2.50)

Formula (2.50) implies that by reordering the unknowns as well as the normal

matrix first by degrees and then by orders (see figure 2.3) we find that N has

a block diagonal structure with maximum block dimension N+1.
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N+1

m=0 n=20
1
N N

m=1 n=1 ()
N N

Figure 2.3: Structure of the normal matrix after suitable ordering

of the unknowns.

The inversion of such a matrix poses no problem from the numerical point of
view. So we can find our least squares solution and we know that it is
efficient, i.e. of minimum variance in the class of linear estimators. This
nice property, however, holds only if the deterministic model is correct, i.e.
if there are no biases, since, as we know, the least squares approach is very
sensitive to biases. The method interprets the biases as additive noise and
spreads them among the residuals of all the observations in an effort of
reducing their amplitude. This is indeed our case since we can write for the

known normal term:
Jlu (P ) + v+ uN(P )]}
N ij i) 1]

= LN + Lv + LN , (2.51)

where we can put



u(P) = uy(P) + uN(P) =
N _ v
= §£,m ugm Yem(P) + Zz’m Uem Yem(P) . (2‘52)
N+1

Interchanging the summation in GN with that in (2.51) we see that

N
L ={Z

1 = _
N ol,m 2N2 [zi,j Ynk(Pij)Yem(Pij)]uﬂm} B

N x . (2.53)
Subsequently the normal system can be written as

Nx=Nx+L +LN , (2.54)
showing that the 1.s. estimate % would be unbiased only on condition that

IV =0 . (2.55)

Otherwise we have a bias in ; given by
E{x-x} = N-1 LN : (2.56)

To understand whether (2.55) has any chance to be verified, we can imagine to
study the limit of LN if we keep fixed the truncation degree N, but we let the
number of blocks Ny (which formerly was exactly 2N2) tend to infinity. After

we observe that

2n2
and that
Ac(P) = cos ¢ Ap AX ,

we can write
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Y (P W) Aoy

1
N =
L e zij ij’ cos ¢,

uN(P)
cos ¢

do} . (2.57)

This formula shows that LN does not vanish because of the presence of the term
(cos ¢)-1 describing essentially the density of data distribution which indeed
tends to increase towards the poles. In fact (2.57) tells us that all

frequencies ({,k) with £ > N but such that

LN 3
J P (¢)P (@)dp =0 , (2.58)
nk k
-2

will contribute to the bias in the (n,k) component of LN; in other words there
is an aliasing of power from the components (£, k) (£ = N) into the lower
frequency components. This aliasing is characteristic of the 1.s. approach.

We can observe that formula (2.58) enforces a "selection rule" saying that
odd degrees will generate aliasing in odd degrees only and similarly with the
even degrees. A few simple numerical tests have been designed to give evidence
to this phenomenon. At first 19 x 19 blocks were generated with a field6
truncated at Np,x = 90; the coefficients of this field were then estimated via
least squares and compared to the original coefficients. The software used was
a modified version of that written by Colombo (1981).

The comparison is displayed in Figure 2.4 in terms of the histogram of the

relative differences defined as

d = |est.coeff. (£,m) - true coeff. (£, m) |

[true coeff. (Z,m)] (2.59)

6In this as well as in the subsequent simulations the model 0OSU-81 has been
used.
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Least Squares Estimate
Input and Output Degrees: 0 - 90

Thousands
4._
3_<
2_
. LA ]
0 ,—v*h:((;(x"?‘—-—x\r\(@t: - __m —""‘I """" - A S A S
«1E-6; 1E-5 1E-4 1E-3 1E-2 1E-1 1 > 1
coeff ¢ | 0.014 0.17 1.534 | 1.898 | 0.254 | 0.027 | 0.001 | 0.035
coeff s| 0.084 | 0172 | 1.543 | 1.814 | 0.294 | 0.023 | 0.002 | 0.001

Bl coeff c N coeff s

Note: Only degrees 21 - 90 were compared

Figure 2.4: Histogram of the index d (2.59).
Input degrees 0-90.
Output degrees 0-90.

As one can see the result is not fully satisfactory. This however is mostly
due to numerical problems that arise in handling together unknown coefficients
with magnitudes ranging over 6-7 orders. In fact if we repeat the same experi-
ment, only eliminating the first 20 degrees, we get the result shown in Figure
2.5, which seems very good indeed.

This first experiment actually confirms the correctness of the least squares

estimates when the deterministic model is also correct.
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Least Squares Estimate
Input and Output Degrees: 21 - 90

Thousands
4
3 -t
2 —
1 -
0 - f — f f f f
< 1E-6 | 1E-5 1E-4 1E-3 1E-2 1E-1 1 > 1
coeff ¢| 3.82 0.124 | 0.009 | 0.002 0 0 0
coeff s 3.821 | 0.124 0.01 0 0 0 0 0

Bl cocffc XN coeff s
IC(Est) - C(Rapp81)I/C(Rapp81)

Figure 2.5: Histogram of the index d (2.59).
Input degrees 21-90.
Output degrees 21-90.

In the next experiment we rather want to put in evidence the presence of
aliasing. To this aim we have generated a 10 x 19 sphere by using only the odd
degrees between 91 and 101 of the O0SU-81 model; with this input we then
estimated, by the least squares algorithm, all the odd-degree coefficients
between 21 and 89. In order to weigh the amount of bias generated in this way,
‘we have compared the estimated coefficients with the (physically meaningful)

mean power of the same degree in the original model, i.e. we have computed the

index
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ratio = (2.60)
¢
1
2
241 2 Vin
&B o estimated coefficients
uzm true coefficients.

In Figure 2.6 we display the behaviour of this ratio for the degrees 89 and
87.

One should believe that the only coefficients affected by a significant
aliasing are those which are close to the cut frequency; in fact just

observing the absolute ratio

absolute ratio = (2.61)

and plotting only the orders and degrees where this index is larger than 0.5
and 0.1 respectively, one gets the distribution shown in Figure 2.7. One can
see that the influence of aliasing is in fact diffused also in the lower

degrees, in particular at low orders.
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Figure 2.6: Index (2.60) for degrees 89, 87.
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Ratio: Est.Coeff. / RAPP81 Coeff.

Ratio > 0.5
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Figure 2.7: Spectral positions of the coefficients for which the index (2.61)

is larger than 0.5 and 0.1 respectively.
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2.4. The quadrature formulas approach.

We return to the problem stated at the beginning of paragraph 2.3, as
defined by formulas (2.42), (2.43), (2.44). In this paragraph we follow a
different strategy of solution, namely we first try to transform the obser-
vation equation (2.43) into its continuous counterpart; then we give the exact
solution of the estimate of ﬁem for the continuous case, which is nothing but
a suitable quadrature formula; finally we use a discretized version of the
quadrature formula to arrive at the point where we can explicitly estimate Gem
in terms of the observable quantities.

This approach is not optimal, contrary to the 1l.s. approach, however it
avoids the aliasing implied by the truncation of the representation (2.42) at
a cut-off frequency. The only bias contalned in it is the unavoidable approxi-
mation of the quadrature formula by means of a summation.

Instead we need at least to compute the model of the error propagation,
within this approach, first of all to be able of judging upon its performance
and also to use it in further combinations.

In this paragraph we shall only analyze the case in which the orthonorma-
lity properties of the spherical harmonics at {Yem(P)} are exploited; more
general cases will be analyzed in the next paragraph.

So first of all we consider the limit of formula (2.43) and we notice that
this cannot be performed straightforwardly as the variance of Eij would tend
to infinity for (ApAA) » 0, according to formula (2.35); so in order to give a
suitable meaning to this limit process, we just write the equation by multi-
i.e. as

plying it by Aoy,

GO(PU)AO‘” = G(PIJ)AGXJ _ij ij (2.62)

and we reinterpret it in terms of fields of measures on the unit sphere. We

therefore define a measurement field duy(P) as
dpo (Pyj) ~ ug(Py;)Acy , (2.63)

its properties being defined by equating it to the second member in (2.62).

Furtheron, we define the deterministic field, related to its density u
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d”ﬁ(Pij) = U(ij) Aoij . (2.64)

Finally we define a purely random Wiener measure dy,(P), describing the obser-

vational noise

d“w(Pij) x ;ijAo‘ij y (265)
whose stochastic properties have been illustrated in § 2.2 ultimately in
formulas (2.36), (2.38). Let us note that in this case we do not have a real

density v(P), since there exists no regular function v(P) verifying the Wiener

properties (2.18), (2.19). Formula (2.62) then becomes
dpu (P) = du_(P) + du (P) . (2.66)
] u W

With such measures we can for instance compute Wiener integrals on the sphere,

so that (2.66) could be written in the equivalent form

J f dpg(P) = J £ u do(P) + [ f du,(P) , (2.67)
for any f square integrable over o¢. If we take f = %ﬁ ng in (2.67) we get
Lry, dug=13, + 7Y, du, : (2.68)
in Zm ¢m  4m Ln
and since
EAL £ Y, du} =0
an Lm W
we see that the functional
ﬁem = i—n IY, (P)dug(P) (2.69)

is a correct estimator. Naturally we cannot really compute (2.69) from the
observations at hand, i.e. from Go(Pij), however we can approximate (2.69) by

the discretized formula
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~

uem = lll—n Zij GO(PiJ)ng(Plj)Aolj . (270)

In this way we introduce a bias which represents the discretization error. As
we have already stated, in order that these estimates be meaningful, i.e. in
order that the discretization error be reasonably small, we must limit formula
(2.70) to the degrees £ for which £ = N, if the sphere o has been gridded by
2N2 square blocks.

As for the random noise propagated to a we can get

en’

~ _1
du, = J Y, du, . (2.71)

Therefore the error in the model that we can construct from the estimates ﬁe ,
m

is

~ —_— N ~ +0 —_—
e(P) = u(P) - u(P) = Eg’m 6u£m Yzm(P) - N?f’m u, YgéP) . (2.72)
We define the global mean square error as
E2 = E{; J e2(P)do} : (2.73)

where the expectation E is taken over the population of the noise du,. From

(2.73) we can write
E2 = E2 + EZ2 (2.74)
c (o]
where we have defined the commission error as
E{80° } (2.75)
oﬂ,m ﬂm ’ ’

and the omission error as
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- +00 . +00 -
Eo = I, JUp = 22 oy (2.76)
N+1’ N+1
n o .2

The latter part can sometimes be analytically computed if we assume some
simple law for the degree variances, e.g. like Kaula’s rule. As for the

computation of the commission error, from (2.36) we have

0‘2
2y = Y 2
E{Suem} 8N, J YEm(P) cos ¢ do . (2.77)

On the other hand by recalling the summation rule

n
S Y

(P)Yg (Q) = (2n+1)P,(cos yYpq)
_e m m

¢

and the fact that Pe(l) = 1, from (2.77) we find

2 A2 05(22+1)
_%m E{&uem} = NG J cos ¢ do =

c2(28+1)nw?
=V _ . (2.78)

8Ng
It is not desirable to push further this computation because the direct obser-
vation of ﬁo(Pij) is not a case of real interest here; whence, after having
explained the principle of the computation of E2, we close the paragraph only
‘reporting a small numerical experiment designed to control the bias intro-
duced by the discretized formula (2.70) (and by the numerical noise). To this
aim we have produced a 10 x 10 grid of values of a potential u truncated at

degree 160; more precisely we have used the 0OSU-81 model from degree 21 to

degree 160.
We have then used formula (2.70), discretized with Ac;; ~ 10 x 10 and
computed the corresponding coefficients ﬁl , with no other noise but the
m

intrinsic numerical one.
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The result, in terms of relative differences

|a

d = —&Inu—l_
2
is displayed in Figure 2.8, showing that the estimation procedure is quite
satisfactory.
B.V.P. Estimate
Input and Output Degrees : 21 - 160
absolute frequency ( x 1000 )
12 —
10 7
8 -
6 —
4 —
2 -
<1E-6 | 1E-5 1E-4 | 1E-3 1E-2 1E-1 1 > 1
coeff ¢| 11.238 | 1.033 | 0.267 | 0.183 | 0.152 | 0.129 | 0.035 | 0.004
coeff s| 11.386 | 1.05 | 0.271 | 0.172 | 0.115 | 0.042 | 0.005 0
Bl cocffc NNcoefrs
IC(Est) - C(Rapp81)i/C(Rapp81)

Figure 2.8: Histogram of discretization errors of quadratic formulas

in terms of relative differences.
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2.5. From b.v.p.’'s to quadrature formulas.

The problem now is to see whether and how we will repeat the reasoning of
§ 2.4, if instead of G(Pij) we are rather given, always at the centers of the

grid blocks, a functional relation defined through some boundary operator B
(BU)(PiJ) = fO(Pij) . (2.79)

Since the operators of interest contain radial derivatives also (e.g. in TI,,
as defined in (2.22)), formula (2.79) would not be meaningful if not
complemented by the harmonicity condition in the exterior of the boundary
sphere

Au =0 , (r > rg) ; (2.80)

it is in fact the harmonicity condition that relates the values of u within
the domain (r > rp) with the values of u on the boundary (r = rg).
Again we must transform (2.79) into an observation equation involving
fields of measures on ¢; whence we put
fo(PU)AO‘U ~ d“‘O(Pij) (Observation field) (2-81)
vy 80y ~ dpy(Pyj) (observation noise) (2.82)
and we write

duo(P) = (Bu) (P)dop + du,(P) : (2.83)

We must give a precise meaning to (2.83). We then take any square integrable

function g defined on o, (g € Lg), and set
<gp> = 2= § g(P)du(P) (2.84)

where the integral should be interpreted as an usual integral if u has a

regular Lg density (du = pdo, p € Lg), or as a Wiener integral if u is a



Wiener measure. With this convention, we stipulate that (2.83) means
<g,lp> = <g,Bu> + <g,u,> , (2.85)

whatever is g in Lg.

As we can see, in (2.85) it is written that if we compute the functional
<g,M,>, with the field of observations py, we get a deterministic part and a
stochastic part, <g,u,>, of =zero mean, which has the characteristics of a
noise. It follows that if it is our aim to find some functional h of u, namely

if we want to estimate <h,u>, with no bias, we must only find g such that
<g,Bu> = <h,u> . (2.86)

Any operator of interest to us is a polynomial in the differential operators
a 8 8

8¢’ 8x° a8r
of isclated poles, like

whose coefficients are smooth functions of ¢, A with the exception

etc. Under these conditions it is easy to see
cos ¢

that the domain of B in Lg
Dg = {uel?2 ; Bue L2}
o o

is dense in that space. Consequently it is possible to give, in a unique way,

the definition of the adjoint of B, namely
<B*v,u> = <v,Bu> . . (2.87)

If we extend, when necessary, the definition of B to make it equal to (B*)*,
we find that both B and B* are closed operators, i.e. the graph {u,Bu},
considered as a manifold in the product space Lé ® Lg, is closed. For these
operators a very useful theorem was stated by Banach, the closed graph theorem
(cf. Yosida, 1978, chap. II, § 6) maintaining that if B (or B*) is defined on
the whole space, Lg in our case, then it is continuous. Now assume that both B

and B* are invertible, i.e. that

Bu=0=>u=0 ; Bv=0=v=20 (2.88)



and that the range of B, Rg = {Bu; u € D}, is closed; then first of all Ry is

dense in Lg as if v 1 Rg then, V u € Dg (which is by hypothesis dense in Lg),
0 = <v,Bu> = <B*v,u> s B'vy = 0= v =0 ;

consequently Ry is the whole Lg since it is a closed set, dense in such a
space; therefore B~! happens to be a closed operator defined on the whole
space Lg and then it is also continuous (i.e. bounded) by the closed graph
theorem. The same holds true for B* by the symmetry of the adjunction opera-
tion. A very useful sufficient condition guaranteeing the applicability of the

above theory is that
<u,Bu> = <B*u,u> Z c|uj? (2.89)
as mentioned in (Yosida, ibid (Chap. VII, § 5, corollary 2)J}.

Before returning to our specific problem, let us mention that even if for

a certain operator B it is not true that
Bu=0=2u=20 R

but we can find a subspace of Lg such that (2.89) holds in this subspace, then
our theorem will be true on this subspace only and in particular both B-1l and
(B*)"! will exist as bounded operators in this subspace. Now we can go back to
the problem (2.86) and assume that B is such that (2.89) is satisfied (at
least for a subspace of Lg); we observe that in (2.86) the unknown is g, while
u is an arbitrary element in Dy, which is by hypothesis dense in Lg; then

(2.86) is equivalent to
B*tg = h (2.90)
and the solution of this equation, i.e.

g = (B*)"1h
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exists and is unique for every h € Lg by virtue of our assumptions. Let us

take now

and we see that we can formulate the following theorem.
Theorem: If B has a dense domain in Lg and if condition (2.89) is fulfilled,

then there exists one and only one sequence of functions 21&m in Lg, i.e.

= +3)-1
Zem (B*) Yﬂm , (2.91)
such that {Z&m’BYﬂm} form a complete bi-orthogonal system
<Z£m’BYnk> = Senaek (2.92)
and that the functionals
~ N
u, <Z£m,u0 (2.93)

are unbiased estimates of u if po 1is related to u by the observation

&n)

equation (2.85). The same holds true for any closed subspace of Lg, spanned by

a subsequence of {YEm }, if condition (2.89) is fulfilled in this subspace
imj

only; in this case {22 }o= {(B*)1 Yé } is bi-orthogonal to all {BY }

imj imj Zimi

as well as orthogonal to all {Y&ﬁ not belonging to the subsequence mentioned

above. Some important remarks are in order when considering the possible

applications of this theorem to our problems.

Remark 2.5.1: 1f B commutes with the rotation group, i.e. if we can state that

for any rotation operator R defined by

Rf(x) = £(Rx) (2.94)

7 On the right hand side R means only the 3-D rotation matrix to be applied
to the vector x, identified by a point on the unit sphere ¢.
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we have

RBu(x) = BRu(x) , (2.95)

then the operator B is diagonal in the spherical harmonics representation, and

more particularly

BYem = bBY&n , (2.96)
so that B is also self-adjoint and, if bB # 0, we have
z, =Ly (2.97)
n bg U ’
In case be = 0 for a sequence of degrees {{;}, we still have formula (2.97)
t

for n{n;}, and we also know that the coefficients u, ~are not estimable from
i

our observation field pg. The same remark is valid for operators not commuting

in general with rotations, but in any way diagonal with respect to the basis

{Yim}, i.e. such that
BY, =b,Y . (2.98)

Remark 2.5.2: Up to now we have not considered the action of block averaging
our observations. As 1t was pointed out in chapter 2.2 this action can be
approximately described by a moving average operator A defined by

Au(P) =

S~ ulQ)deyg (2.99)

Cp

al lw

where Cp is the spherical cap of center P and of radius ¥, such that its
surface C = 2n(l-cos Yo) has a pre-established value. The operator A commutes
with rotations and it has the diagonal representation

AY (2.100)

tn = Bo¥on
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where BE are the Pellinen coefficients already mentioned in chapter 2.2 (cf.
(2.33) there). For the block averaged field we must then substitute the

observation equation (2.83) with
diug = (ABu)de + dp, , (2.101)

where dﬁw is again a Wiener measure with the stochastic structure related to
the individual error variance 05, as in formula (2.36) of 2.2. Accordingly the

sought sequence sz becomes in this case

i

-1 -
(B*A) Y&n

-1 -1 =
ATL(BY) Y,

-1
A Z&n . » (2.102)

When B is diagonal over the basis {Y, }, then (2.102) is very easily computed,

im
since then

_ tm 1
Z = A"l T = Y ; (2. 103)
tn BBy, I

if B is not diagonal however, (2.102) can be easily computed only if the

explicit form of the representation of 2&n in terms of sz is known.

2.6. The numerical solution of gradiometric b.v.p.’'s: examples.

In this paragraph we shall apply the theory of chapter 2.5, to construct
global models starting from the knowledge of the observables Fzz or Fzy or Fyy
(cf. chapter 2.1), given as the average at the centers of the blocks of a 19
x 10 degree grid. Assuming that one has about 60 measurements per block with

o, = 1072 E, one would expect for the average noise a oy value

og = 0.13 1072 E . (2.104)
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We have applied the same noise (2.104) to each of the components, although we
know that Fzy is expected to be a more noisy observation.

To be more precise we have performed numerical experiments with Fzz and
Fzy, for which the system {Z&n} is easily found. As for the Fyy, although we
have a theoretical recipe to find approximately Z&n, the corresponding numeri-

cal example is still a work for the future.

a. The I',, component.

In this case the boundary operator is (cf. (2.22) in chapter 2.1)

this is naturally a rotationally invariant operator with eigenvalues

_ (@+1) (4+2) [5]£+3 (2.106)

L R2 T

As we see b, are all positive so that the theory of chapter 2.5 applies and we

4
can simply put

~

_ 1 _
tn = Dodn YpnHo” =

u
12
N 1
(A“O(Pl_]) = rzzo(Pij)AO‘ij) , (2.107)

expressing our estimates in terms of the observables. What is interesting in
formula (2.106) is not so much to prove its effectiveness in retrieving the

potential coefficients, but rather to study how the noise 1is propagated

12
through it. A first look at the ratio between input power per degree ( Z, uzm)
12 . -t
and estimated power per degree ( Z up ) as it 1is shown in Figure 2.9,
_Em m

confirms the quality of the estimate when no other noise but the numerical one
is added in the experiment; the oscillation band, as one can realize, is

smaller than * 1%.



BVP: Coefficients Estimate

Z Z Derivative {Odd Degrees)

1.008
1.007 -
1.006 -
1.005 —
1.004
1.003 —
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0.999 —
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0.996 —
0.995
0.994 —
0.993 -
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Mean Output Power / Mean Input Power

Degree L

Figure 2.9: Ratio of estimated power over input (true) power per degree.

It should be noted that in this case no B2 coefficients have been applied,
~because we have as a matter of fact used point values for T,,. As for the
error propagation, it can be derived theoretically from (2.107) and the Wiener
rule; noting that p, is the random part of pg we can write

~

_ 1

Following the same reasoning as in chapter 2.4, formulas (2.73), (2.74),

(2.75), (2.77), (2.78), we find here
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Ny 02(28+1)m?
v

2 =
Ec 22 —_Stq()-—b%__— . (2- 109)

We can transform this into the commission error for geoid undulations by using

the Bruns’ relation so that a potential T is transformed into a height anomaly

Al
I
S|

In this way we find

E.(Q) = E;-—T) (2.110)

and we can plot E.(Z) against the maximum degree N, obtaining a representa-

tion well visualizable in cm units: the curve is shown in Figure 2.10.

Cumulative Commission Error

Theoretical Curve

1.5

1.4 —

1.3 -

1.2 1

1.1 7

(em)

Error
o
©
|

0.5 T T T T T T T T T T T T T T T
0 20 40 60 80 100 120 140 160

Degree L

Figure 2.10: Theoretical cumulative commission error.



This curve has been tested against its empirical counterpart obtained from a

discretized version of (2.107), i.e.

~

s, = bZW Zi5 Yy, (Piy)Bum,(Pyy) (2.111)

where Ap,(P;;) was generated from

Auw(Plj) = vij Aoij ,

by extracting a white noise Fij with an r.m.s. 0.13 : 1072 E. The result can
be seen in Figure 2.11 and despite the presence of a small systematic

difference, we consider it as a confirmation of the theory.

Cumulative Commission Error

Theoretical and Empirical

1.63
1.56 -
1.49 -
1.42 S
1.354
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.00 4
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.86 1
.79
.72
.65
.58
.51 4

44 T T T T T T T T T T T T T T T
0 20 40 60 80 100 120 140 160

(em)

Error

OO O OO O O O F =

Degree L

Theor. Emp.
Figure 2.11: Comparison between theoretical and simulated cumulative

commission error function.
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Another important qualitative information we want to draw from this
experiment is the ratio between the mean square power of the signal to be

estimated and the mean square power of the noise affecting it, i.e. the index

(2.112)

This is shown in Figure 2.12 and we see that in the range 2 = ¢ s 160 the
signal to noise ratio is well above 1, in fact it ranges from 500 to 10.
Before passing to another example we want to solve the problem of defining

the cut-off degree in this case. To this aim we must note that the commission
02 (28+1)n2
2
8N0b£
omission error, if we assume a simple Kaula’s rule, will decrease with
AP 10-10 . -
R 1.6 —3 we must stop our estimation at that degree N where the former

equals the latter since, from this point on we expect the oscillations caused

error Ei will increase degree by degree by the quantity , while the

by the propagated noise to be larger than the power of the corresponding
degree. Equating the two terms and recalling formula (2.106) we find after

some obvious simplifications

6 20+6

4.8 - 10°% g =1
(q = 6:600,
9 = %200

‘ which has the solution

L = 250 . (2.113)

This value seems a little pessimistic but not too far from other results on

the same problem (cf., 0. Colombo, 1989a).



